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Chapter Goals
* To learn about the method of recursion

« To understand the relationship between recursion and iteration

« To analyze problems that are much easier to solve by recursion
than by iteration

 To learn to “think recursively”
* To be able to use recursive helper methods

» To understand when the use of recursion affects the efficiency of

an algorithm
A sadl A3k e b jall A pal e
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Triangle Numbers Cial) old

« Compute the area of a triangle of width »

« Assume each [] square has an area of 1
« Also called the n” triangle number

* The third triangle number is 6

[] N U adl Eliall dalie il
[10] ! Aabse e 4l [] S Jess
aly) lia 2ae lea WS
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Outline of Triangle Class

public class Triangle
{
private int width;
public Triangle (i1nt aWidth)
{
width = aWidth;
}
public 1nt getArea ()

{

dadl) uliall diay ) Lo gladly
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Handling Triangle of Width 1 ) Gl i aa Jalal
« The triangle consists of a single square

e Itsareais 1
* Add the code to getArea method for width 1

public i1nt getArea ()

{
if (width == 1) { return 1,; }

) g e Gl S5 o
) Lgialue o
) sl getArea sl e ddla) e
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Handling the General Case Tale Ala e ol

« Assume we know the area of the smaller, colored triangle:
[] 4 slall Ealia ¢ jraal (e dilaiad) Cojas Wil (oa yidi e
[ ]

[T L1 []

L S sl e HSF Culial) Aalie Gl (Says o
 Area of larger triangle can be calculated as:

smallerArea + width

» To get the area of the smaller triangle

« Make a smaller triangle and ask it for its area:

Triangle smallerTriangle = new Triangle(width - 1);
int smallerArea = smallerTriangle.getAreal();

sial Bl dalue e Jpmall o
radihial Lgie llay g jral Galia Jaa o
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Completed getArea Method getArea wslul sl o

public 1nt getArea ()
{

if (width == 1) { return 1,; }
Triangle smallerTriangle = new Triangle(width - 1);
int smallerArea = smallerTriangle.getAreal();

return smallerArea + width;

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.



atial) Aabua qibuwa

Computing the area of a triangle with width 4 ¢ LA a

- getArea method makes a smaller triangle of width 3

* It calls getArea on that triangle wﬁim@gemre‘? “ﬂjj y
LA

* That method makes a smaller triangle of width 2 Clidl aa JlegetArea seus o

: A e (e ol e Jran glul) 138 e
e It calls getArea on that triangle = s !

 That method makes a smaller triangle of width 1 Chd 1% JlegetArea sy
eyl e Jasy sludl 138 e

oIt calls getArea on that triangle \ )
&bl s JlegetArea seny o
« That method returns 1 Vela sl ol o
« The method returns glask syl
Y=Y+ ) =smallerArea + width
smallerArea + width =1 + 2 = 3 ela b skl e
=Y + Y =smallerArea + width

« The method returns .
smallerArea + width = 3 + 3 = 6 gl sl

= ¢ + 1 =smallerArea + width -
e The method returns ).
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Recursion I ple Ll

* A recursive computation solves a problem M\ da gage s A e
by using the solution of the same problem <= d> plasinl 3k oo

. Ll sl ae A1SE
with simpler values BTN

 For recursion to terminate, there must be ald OV s oSy

special cases for the simplest inputs aadl b
« To complete our Triangle example, we Jaladl) Lile
must handle width <= 0: =gl e
if (width <= 0) return 0; A Hl) Cllkaial) fpe cpfil e
« Two key requirements for recursion Japadt com B0 gal) Al S
sSuccess: Gkl oy A lua
« Every recursive call must simplify the Bl e Jalaill Al
CO/??,OUI‘&I‘/O/? n sorme way .5)51_% Z\_ul...aj\ LLU 1

« There must be special cases to handle the .
. ) . Big Java by Cay Horstmann
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. 3@k
Other Ways to Compute Triangle Numbers ﬁfﬁg
i

« The area of a triangle equals the sum:

1 + 2 4+ 3 + ... + width
« Using a simple loop: gy il S35
double area = 0;
for (int 1 = 1; 1 <= width; 1i++)
area = area + 1;
« Using math: el ) aladiils e
1+ 2+ ... +n=n=x (n+ 1)/2
=> width * (width + 1) / 2

Big Java by Cay Horstmann
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Animation 13.1

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.




ch13/triangle/Triangle.java

oo Ol dWDMNDRER

A triangular shape composed of stacked unit squares like this:

1
1]
L

public class Triangle

private 1nt width;

/**
Constructs a triangular shape.
@param aWidth the width (and height) of the triangle

*/

public Triangle (int aWidth)

{ |
width = aWidth; Continued

} Big Java by Cay Horstmann
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ch13/triangle/Triangle.java (cont.)

21
22
23
24
25
26
27
28
29
30
31
32
33

/**
Computes the area of the triangle.
@Qreturn the area
*/
public int getArea()
{
1if (width <= 0) { return 0; }
1f (width == 1) { return 1,; }
Triangle smallerTriangle = new Triangle (width - 1);
int smallerArea = smallerTriangle.getAreal();
return smallerArea + width;

Big Java by Cay Horstmann
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ch13/triangle/TriangleTester.java

{

{

O VWO JdJoyUldWDNDHRH

=

Program Run:
Enter width:

Area: b5
Expected:

55

public class TriangleTester

Triangle t
int area
System.out.println (
System.out.println (

10

public static void main(String[] args)

new Triangle (!U);
t.getAreal() ;

+ area) ;

) ;

Big Java by Cay Horstmann
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Self Check 13.1

Why is the statement sl s 130
1f (width == 1) { return 1; }
In the get Area method unnecessary?

Answer: Suppose we omit the statement. When computing
the area of a triangle with width 1, we compute the area of the
triangle with width 0 as O, and then add 1, to arrive at the
correct area.

el a5l YgetArea 4y h S o
dalie o (i 0) e ae Cliall dabius Olua die by Gida Ll o il :laY) o
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Self Check 13.2 T e Aalise ) Sia ] el JpaeS () sSams S

How would you modify the program to recursively compute the
area of a square”?

Answer: You would compute the smaller area recursively, then

return Bagall o ¢y Sie (S yireal dalias s

smallerArea + width + width - 1.
(10T L] L]
(10T L] L]
(10T L] L]
10T L] L] Glua Jes¥) e O s caalally

Of course, it would be simpler to compute

n(n+1) N (n—1)n _ 2
2 2

Big Java by Cay Horstmann
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Tracing Through Recursive Methods

= Debug - Triangle_java - Cclipse SDK

G IS

Eile Edit Scurce Satsctc~- NNMavigats Search Project Bur W hdow Hep
r3~ - O Q- | T | & F | s | = | <= =i | ¥=C=bug >
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e 2 3 = width Z
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— e getAareal] -
— < smisllersrea 1
= Tnanc = ge_Areall hne: 22
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= Inang o.ge-mreall line: 2=
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3 Tnang = _ java =23 = b= )
E= = P =
Compul=ss Lrr= arsa ol Lhe Lriancl=s.
@gretTurn Tho aros
- -
public int geta aai(]
{ -
il (w_d_ hh == @) sceclurn O;
1fFf {wid<sh =— 1) return 1; =
Triancle sra_ler’ “darglLe = new  ridarngli=e(w_d-h 1-3 2
int sra.lerd-ea = smel . ar riancgla.getAras(]
return smallarfiirea + widrie; il
¥ =
5 =1 ——— — — _— - _— — — I I | =
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TrangleTester [Java Applicatior] thonmerscosyjdkl.6.0-E104,oinjjava [MNow 30 2CCS Z:13:52 PMI -
I=1-)

Figure 1 Debugging a Recursive Method
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Thinking Recursively oS g8y i)

* Problem: Test whether a sentence is a palindrome

« Palindrome: A string that is equal to itself when you reverse all
characters

 Aman, a plan, a canal — Panama!
» Go hang a salami, I'm a lasagna hog
o Madam, I'm Adam
blite 3l g Sl 1Y Lo las) AISEA) e

Loy - 3L8 (Aol ¢Ja ) o

Ll 53U 358 Ul g e Dbl (33l 3252l o
(QJ] Ui ‘L;\J:\.u: L4
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Implement isPalindrome Method

public class Sentence

{
private String text;
/**
Constructs a sentence.
dparam aText a string containing all characters of
the sentence
*/
public Sentence (String aText)

{

text = aText;

/**
Tests whether this sentence i1s a palindrome.
dreturn true 1f this sentence 1s a palindrome, false

otherwise ]
Continued

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.
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Implement isPalindrome Method (cont.)

public boolean 1sPalindrome ()

{

Big Java by Cay Horstmann
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Thinking Recursively: Step-by-Step 5 ghady 5 ghdl) ;) Sia JSdy ySdl

1. Consider various ways to simplify inputs

GOA A Jasil dalida (3 )l A kil )

Here are several possibilities:
u‘)!bu;\ e UA} .

« Remove the first character Js¥l caalial)
Sl Gasall Al ) e
* Remove the last character 5515 I Gaa JS A .

.... .LAJ..S S “tk,é .

Remove both the first and last characters

o« Remove a character from the middl/e

Cut the string into two halves

Big Java by Cay Horstmann
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5 shady B ghadl) 1) i JSoy il

Thinking Recursively: Step-by-Step (AR e sl G el Y
. . o . . Al Al da ) ddabs
2. Combine solutions with simpler inputs into a CoaY1 A 3] o)y dasusi alana o
solution of the original problem 5AY 5 IV
« Most promising simplification: Remove first and '“Z:j“:‘; Sl :\i; ;'“‘u“"\ ;22‘ ¥
last characters hlite Gl (o4 AR Gla ¢ o
‘adam, I'm Ada” is a palindrome too! 53Ny I GoaY) il
« Thus, a word is a palindrome if A3 Gk g e dean &S .
: B ga 3 Al MR
« The first and last letters match, and S 52 22015 s u;;
* Word obtained by removing the first and last .3 a3 § J & Gojall 13k o
letters Is a palindrome alalas falls )
 What if first or last character is not a letter? By o) ol S 1
/gnore/l‘ CilsS \J\\.Ads;;cujﬁ‘sé
_ P AN I R K O
« [fthe first and last characters are letters, check A 5 aal, U<
radl sl
Whez‘her they match, . s S Gl SAY) G all 1) e
If so, remove both and test shorter string T AL el sl 43 )
« [flast character isn't a letter, remove it and fest B pY o ¥ casall iy e
shorter string YO R IE PR PR PN |
il

o [ffirst character isn’t a letter, remove it and test ,
. Big Java by Cay Horstmann
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Thinking Recursively: Step-by-Step
3. Find solutions to the simplest inputs

« Strings with two characters

» No special case required, step two still applies

« Strings with a single character

» They are palindromes
« The empty string

» [t /s a palindrome ;
Al Y Jsla e Sl Y
BT-BEN DS N Wi
Lok A W oighad ¢do gllaall Aall Al Y o
JA‘} LJ)A.} d.um-u i
G Hhlite o
ie bdlile .
Dbliie Gl o e
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Thinking Recursively: Step-by-Step

4. Implement the solution by combining the simple cases and the
reduction step Uil 5 sl g Aass OV G panll JMA (e Jal i g

public boolean 1sPalindrome ()

{

int length = text.length();

// Separate case for shortest strings.

1f (length <= 1) { return true; }

// Get first and last characters, converted to

// lowercase.

char first = Character.toLowerCase (text.charAt(0));

char last = Character.toLowerCase (text.charAt (
length - 1))

if (Character.isletter (first) &&
Character.islLetter (last))

// Both are letters.

if (first == last) Continued

Big Java by Cay Horstmann
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Thinking Recursively: Step-by-Step (cont.)

// Remove both first and last character.
Sentence shorter = new
Sentence (text.substring(l, length - 1))
return shorter.isPalindrome () ;
}
else
return false;

}

else 1f (!Character.islLetter(last))
{
// Remove last character.
Sentence shorter = new Sentence (text.substring (0,
length - 1));
return shorter.isPalindrome () ;

}

else

{ Continued

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.



Thinking Recursively: Step-by-Step (cont.)

// Remove first character.
Sentence shorter = new

Sentence (text.substring(1l)) ;
return shorter.isPalindrome () ;

Big Java by Cay Horstmann
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Recursive Helper Methods 5USie 2elue 3k

« Sometimes it is easier to find a recursive solution if you make a
slight change to the original problem

« Consider the palindrome test of previous slide

It is a bit inefficient to construct new Sentence objects in every
step

AlaY) el e il s ol jals cadd 13) 1Sl da alagY Jeas) e 4l Qs (any &
5shad JS 8 3an Alas alual) L) B Allad ye (ad
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Recursive Helper Methods

« Rather than testing whether the sentence is a palindrome, check

whether a substring is a palindrome:
5l Blaw (o8 Gae 8 IS 13 Lo ia3 ¢ ylalite Bl oo L siel) CulS 13 Le SLES) (e Yy o

/**
Tests whether a substring of the sentence 1s a
palindrome.
dparam start the index of the first character of the
substring
dparam end the 1ndex of the last character of the
substring

dreturn true if the substring is a palindrome

*/

public boolean 1sPalindrome (int start, int end)

Big Java by Cay Horstmann
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Recursive Helper Methods

* Then, simply call the helper method with positions that test the

entire string: LeLaSly ALl el i) (ol gl ae delisall sl pledind & jaal cad o
public boolean 1sPalindrome ()
{
return 1sPalindrome (0, text.length() - 1);
}

Big Java by Cay Horstmann
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isPalindrome :G@ub bua ) S8
Recursive Helper Methods: isPalindrome

public boolean 1sPalindrome (int start, int end)
{
// Separate case for substrings of length 0 and 1.
1if (start >= end) return true;
// Get first and last characters, converted to
// lowercase.
char first = Character.toLowerCase (text.charAt (start));
char last = Character.toLowerCase (text.charAt (end))
1f (Character.islLetter (first) &&
Character.islLetter (last))

1f (first == last)

{
// Test substring that doesn't contain the
// matching letters.
return isPalindrome (start + 1, end - 1);

}

else return false; Continued

Big Java by Cay Horstmann
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Recursive Helper Methods: isPalindrome (cont.)

J

else 1f (!Character.islLetter(last))

{
// Test substring that doesn't contain the last
// character.
return isPalindrome (start, end - 1);

J

else

{
// Test substring that doesn't contain the first
// character.
return isPalindrome (start + 1, end);

Big Java by Cay Horstmann
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Self Check 13.3

Do we have to give the same name to both isPalindrome
methods?

Answer: No — the first one could be given a different name
such as substringIsPalindrome.

‘YisPalindrome sl ¢l sw aa e aul) uii glac Y Lpal Ja o
substringlsPalindrome. Jis Wit Lol oy o) (Say sl g Jo) - ¥ LY o
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Self Check 13.4

When does the recursive ispPalindrome method stop calling
itself?

Answer: When start >= end, thatis, when the investigated
string is either empty or has length 1.

flets e 3lhi 5o eisPalindrome 4 b cadsii e o
) Jsh 4 ol de )l L) gadacill ALl Ladie ¢ o 138 g cAuled = <edy die el gall e

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.



Fibonacci Sequence

* Fibonacci sequence is a sequence of numbers defined by
laaant 1 Al )Y (go Al 5 (200 528 Al

h=1
L=1
= Tt Tno
* First ten terms: ‘Cua b ke J

1,1, 2, 3,5,8, 13, 21, 34, 55

Big Java by Cay Horstmann
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ch13/fib/RecursiveFib.java

1 1import java.util.Scanner;
2
3 / * %
4 This program computes Fibonacci numbers using a recursive method.
5 */
6 public class RecursiveFib
7T A
8 public static void main (String[] args)
9 {
10 Scanner in = new Scanner (System.in);
11 System.out.print ( ) ;
12 int n = in.nextInt();
13
14 for (int 1 = 1; 1 <= n; 1i++)
15 {
16 long £ = fib(1);
17 System.out.println ( + f£);
18 }
19 } .
20 Continued

Big Java by Cay Horstmann
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ch13/fib/RecursiveFib.java (cont.)

21 /**

22 Computes a Fibonacci number.

23 @param n an integer

24 @return the nth Fibonacci number
25 * /

26 public static long fib(int n)
277 {

28 if (n <= 2) { return |; }
29 else return fib(n - 1) + fib(n - 2);
30 }

31 }

Program Run:

(@)

Enter n:

= oo U W N P B O

w

c e Big Java by Cay Horstmann
fib (50) = 12586269025 Copyright © 2009 by John Wiley & Sons. All rights reserved.



The Efficiency of Recursion
* Recursive implementation of £ib Is straightforward

« Watch the output closely as you run the test program

* First few calls to £ib are quite fast

 For larger values, the program pauses an amazingly long time
between outputs

 To find out the problem, let’s insert trace messages

s gl s A g3 Ay sal) 2 e

WAV eali yo Jarddhy o 680 LS S (e U B2aldia o

as Dy o b ) (oY) ALY Sl .

Cla ae O Adaall e S5 My sl U W ge el < ST ad e Jguaall o
&\Jﬂ\diujc\JJ;\hjchM\MM °
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ch13/fib/RecursiveFibTracer.java

1 1mport java.util.Scanner;

2

3 / * *

4 This program prints trace messages that show how often the

5 recursive method for computing Fibonacci numbers calls itself.

6 */

7 public class RecursiveFibTracer

8 |

9 public static void main (String[] args)

10 {
11 Scanner 1n = new Scanner (System.in);
12 System.out.print ( ) ;
13 int n = in.nextInt () ;
14
15 long £ = fib(n);
16
17 System.out.println ( +

£ ) ’ Big Java by Cay Horstmann

18 } Copyright © 2009 by John Wiley & Sons. All rights reserved.
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ch13/fib/RecursiveFibTracer.java (cont.)

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35

/**

*/

Computes a Fibonacci number.
@param n an integer
@Qreturn the nth Fibonacci number

public static long fib(int n)

{

System.out.println (

long £,
if (n <= 2) { £ = 1; }
else { £ = fib(n - 1) + fib(n

System.out.println (
+ +

return f;

)

+ n);

) ;)

Continued
Big Java by Cay Horstmann
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ch13/fib/RecursiveFibTracer.java (cont.)

Program Run:
Enter n: ©
Entering fib:
Entering fib:
Entering fib:
Entering fib:
Entering fib:
Exiting fib: n = 2 return value =1
Entering fib: n =1
Exiting fib: n = 1 return value =1
Exiting fib: n = 3 return value = 2
Entering fib: n = 2
Exiting fib: n = 2 return value =1
Exiting fib: n = 4 return value = 3
Entering fib: n =
Entering fib: n = 2

S5 B8 B8 B8 3
N W & 01 o

W

Exiting fib: n = 2 return value =1
Entering fib: n =1 .
Exiting fib: n = 1 return value =1 Continued

Big Java by Cay Horstmann
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ch13/fib/RecursiveFibTracer.java (cont)

Exiting fib:
Exiting fib:
Exiting fib:

Entering fib:
Entering fib:
Entering fib:

Exiting fib:

Entering fib:

Exiting fib:
Exiting fib:

Entering fib:

Exiting fib:
Exiting fib:
Exiting fib:
fib(6) = 8

n
n
n

n_

n

1l return

3 return

5 return
4

= 3

2

2 return
1

1 return

3 return
2

= 2 return

4 return
© return

value =
value =
value =

value

value =
value =

value =
value =
value =

N

Big Java by Cay Horstmann
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Call Tree for Computing £ib (6)
fib(6)

fib(5) fib(4)

fib(4) fib(3) fib(3) fib(2)
fib(3) fib(2) fib(2) fib(1l) fib(2) fib(1l)

fib(2) fib(1)

Figure 2 (Call Pattern of the Recursive fib Method
Big Java by Cay Horstmann
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The Efficiency of Recursion 3 pletin) Beli

* Method takes so long because it computes the same values over
and over

* The computation of rib (6) calls £ib (3) three times

* Imitate the pencil-and-paper process to avoid computing the
values more than once

1S5 1)) e ) (el Canuny 43 Sy sha U 24k slul o
Gl pe M (F) 4s3ST gy (T) (il gud Ol o
50 (e ST alll Gila uinill 8 5 (alia ol dlee 05 o

Big Java by Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.



ch13/fib/LoopFib.java

1 import java.util.Scanner;
2
3 / * *
4 This program computes Fibonacci numbers using an iterative method.
5 */
6 public class LoopFib
7 A
8 public static void main (String[] args)
9 {
10 Scanner 1n = new Scanner (System.in);
11 System.out.print ( ) ;
12 int n = in.nextInt();
13
14 for (int 1 = 1; 1 <= n; 1++)
15 {
16 long £ = fib(i);
17 System.out.println ( + £);
18 }
19 } Continued
20

Big Java by Cay Horstmann
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ch13/fib/LoopFib.java (cont.)

21 /**

22 Computes a Fibonacci number.

23 @param n an integer

24 @return the nth Fibonacci number

25 */

26 public static long fib(int n)

27 {

28 if (n <= 2) { return |; }

29 long olderValue = |;

30 long oldValue = ;

31 long newValue = |;

32 for (int 1 = =+, 1 <= n; 1++)

33 {

34 newValue = oldValue + olderValue;
35 olderValue = oldValue;

36 oldValue = newValue;

37 }

38 return newValue;

39 ) Continued
40 }

Big Java by Cay Horstmann
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ch13/fib/LoopFib.java (cont.)

Program Run:
Enter n:

fib (1) =

= oo U1 W N~ = Ol
O

w

fi1b (50) = 12586269025

Big Java by Cay Horstmann
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The Efficiency of Recursion

» Occasionally, a recursive solution runs much slower d;‘,s; (Oaa¥) faxy (S e
than its iterative counterpart oS Ul JS5s Jeny 43352l
) S3 L ykai (e

* In most cases, the recursive solution is only slightly Jall b VAl laes & o
slower Suli Unyl Jadé 5350

: o . : 4 _SsisPalindrome 5 ¢
» The iterative i sPalindrome performs only slightly d:j;uﬁ L 'Uass@;

better than recursive solution A gl
300 g2l o Ll elediad JS o

o Each recursive method call takes a certain amount of , L
8 g (pe Lima ) a8 240

processor time CJLMS\
 Smart compilers can avoid recursive method calls if they i 2830 faesd) (S o
follow simple patterns ) gl bl lsle xid
ngsy Jalail | gail
* Most compilers don’t do that b Jaii ¥ Gprenall alane o

In many cases, a recursive solution is easier to i g agdl Jeudd o ol Ua

unde_rstand and implement correctly than an iterative S5 Ja (e peiman S
solution Ziad () sa S
e “TO| i vine ” A1 il "
To iterate is human, to recurse divine.” L. Peter Deutsch Big Javaby Cay Horstmann
Copyright © 2009 by John Wiley & Sons. All rights reserved.



Iterative isPalindrome Method

public boolean 1sPalindrome ()

{
int start = 0O;
int end = text.length() - 1;
while (start < end)

char first =

Character.tolLowerCase (text.charAt (start) ) ;

char last = Character.tolowerCase (text.charAt (end) ;
if (Character.isletter (first) &&
Character.isletter (last))

// Both are letters.

if (first == last)
{
start++;
end—-; .
} Continued

Big Java by Cay Horstmann
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Iterative isPalindrome Method (cont.)

else
return false;

}
if (!Character.isletter(last))

end—-—;
if (!Character.isletter (first))
start++;

J

return true;

Big Java by Cay Horstmann
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Self Check 13.5

Is it faster to compute the triangle numbers recursively, as shown
In Section 13.1, or is it faster to use a loop that computes 1 +2 + 3
+ ...+ width?

Answer: The loop is slightly faster. Of course, it is even faster
to simply compute width * (width + 1) / 2.

ALY £ sl g gl YY) el 8 e s LS ¢ S (S5 Callia Al Y Clial o pul 4 e
fuaall + .+ 7+ Y+ ) sy Al dals
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Self Check 13.6

You can compute the factorial function either with a loop, using the
definition that 7 =1 x 2 x ... x n, or recursively, using the
definition that 0! =1 and ' = (n- 1)! x n. Is the recursive
approach inefficient in this case?

Answer: No, the recursive solution is about as efficient as the
iterative approach. Both require n7- 1 multiplications to
compute .

Sy sl e x X Y x ) = 1 iy padaladinly Glld g dala e Lo dlale dih g s iy

o&uﬁdbd).tc‘\_m}:d\ }&)Xu(\-Qﬂ!:(;\:bdgﬂe\diﬁulgtﬂh}c*))ﬁa
Calla)

J o elual o pall 'OMWM-JM\G@\&MMQ\P%JPL}Q‘ Y il gall e
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Permutations Jaall)

* Design a class that will list all permutations of a string

« A permutation is a rearrangement of the letters

* The string "eat" has six permutations:

"eat"
"eta"
"aet"
"tea"
"tae"

Alalis (e Jlal) aan (8 A0 o g Al 438 arenal o
gl iddlel s QAElA .
- A Leaal "OSI" ALl .
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Public Interface of PermutationGenerator dalal) dgal s

public class PermutationGenerator

{

public PermutationGenerator (String aWord) { ... }
ArrayList<String> getPermutations() { ... }

Big Java by Cay Horstmann
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ch13/permute/PermutationGeneratorDemo.java

o JdoyUld WN PR

PR RPRRRRRRR
oOdoOUd WNKROV

import java.util.ArraylList;

/* *
This program demonstrates the permutation generator.
*/
public class PermutationGeneratorDemo
{
public static void main(String[] args)
{
PermutationGenerator generator = new PermutationGenerator ( )
ArrayList<String> permutations = generator.getPermutations();
for (String s : permutations)

{
System.out.println(s);

Continued
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ch13/permute/PermutationGeneratorDemo.java (cont.)

Program Run:

eat
eta
aet
ate
tea
tae

Big Java by Cay Horstmann
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To Generate All Permutations

« Generate all permutations that start with "e ', then 'a ", then
1 t 1

« To generate permutations starting with 'e ', we need to find all
permutations of "at"

* This is the same problem with simpler inputs

 Use recursion

't”f‘s'a' (‘:"e' @idﬁg—d\dgdbﬂ\dSﬂy

tat el ges e psialldala paigtet Gioag fag A Jealil sl
M\u%M@M \u,nm}é\&

L,,;'\b cle (._,\ |
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To Generate All Permutations Sal) asan

« getPermutations: Loop through all positions in the word to
be permuted Juall 2 6 acaliadl aaan YA (ge dila o

« For each position, compute the shorter word obtained by
removing M letter; s ) Gask e lele dsmanll juadl A8 Gl ccaaie g1

gt
String shorterWord = word.substring(0, 1) +
word.substring (1 + 1);

« Construct a permutation generator to get permutations of the
shorter word: 5 s A€ kgl e J gmnll ol o ga oliy o

PermutationGenerator shorterPermutationGenerator

= new PermutationGenerator (shorterWord) ;
ArrayList<String> shorterWordPermutations

= shorterPermutationGenerator.getPermutations();

Big Java by Cay Horstmann
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To Generate All Permutations

 Finally, add the removed letter to front of all permutations of the

shorter word: '3 yual 4Ll Jaalall JS 6\““ Ll ) ) oy Adla) of il o
for (String s : shorterWordPermutations)
{

result.add (word.charAt (i) + s);
}

« Special case: Simplest possible string is the empty string; single
permutation, itself
a3 an b can) g uleil) Ae s Alule Alulud) A€ad) Tl iald A o
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ch13/permute/PermutationGenerator.java

1 import java.util.ArrayList;
2
3 /* *
4 This class generates permutations of a word.
5 */
6 public class PermutationGenerator
T A
8 private String word;
9
10 / * %
11 Constructs a permutation generator.
12 @param aWord the word to permute
13 */
14 public PermutationGenerator (String aWord)
15 {
16 word = aWord;
17 }
18

Continued
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ch13/permute/PermutationGenerator.java (cont.)

19 / * %

20 Gets all permutations of a given word.

21 */

22 public ArrayList<String> getPermutations ()
23 {

24 ArrayList<String> permutations = new ArrayList<String>();
25

26 // The empty string has a single permutation: itself

27 if (word.length() == 0)

28 {

29 permutations.add (word) ;

30 return permutations;

31 }

32

Continued
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ch13/permute/PermutationGenerator.java (cont.)

33 // Loop through all character positions

34 for (int i1 = 0; 1 < word.length(),; 1++)

35 {

36 // Form a simpler word by removing the ith character

37 String shorterWord = word.substring (U, 1)

38 + word.substring (i + 1);

39

40 / / Generate all permutations of the simpler word

41 PermutationGenerator shorterPermutationGenerator
42 = new PermutationGenerator (shorterWord);
43 ArraylList<String> shorterWordPermutations

44 = shorterPermutationGenerator.getPermutations () ;
45

46 // Add the removed character to the front of

47 / / each permutation of the simpler word,

48 for (String s : shorterWordPermutations)

49 {

50 permutations.add (word.charAt (i) + s);

51 }

52 }

53 // Return all permutations

54 return permutations;

55 } Big Java by Cay Horstmann
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Self Check 13.7
What are all permutations of the four-letter word beat?

Answer: They are b followed by the six permutations of eat,
e followed by the six permutations of bat, a followed by the

six permutations of bet, and t followed by the six
permutations of bea.

fheat b4 Galde )l ge dolill JS AL o
eceat(xw Gbad & sl b ah il gall o

bat (e OObad diu Ll

et (e Db A lgli g

bea (e &Shad dd lglir
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Self Check 13.8

Our recursion for the permutation generator stops at the empty
string. What simple modification would make the recursion stop at
strings of length O or 17

Answer: Simply change i f (word.length() == 0) to
if (word.length() <= 1), because aword with a
single letter is also its sole permutation.

S eledinl (i s Jray o 4ld (e Jages Joaxi Lo A6l Alidis ie (a8 gy (i) A gl 13 sleind Lpal o
0 S Jsh e dudla

iy 4K Y @l s cword.length () <= 1)) slword.length () == 0) ) 13} s daluy 1l all o
L sl il Layl 58 aal
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Self Check 13.9

Why isn't it easy to develop an iterative solution for the permutation
generator?

Answer: An iterative solution would have a loop whose body
computes the next permutation from the previous ones. But there is
no obvious mechanism for getting the next permutation. For
example, if you already found permutations cat, eta, and act, Iitis
not clear how you use that information to get the next permutation.
Actually, there is an ingenious mechanism for doing just that, but it is
far from obvious — see Exercise P13.12.
fuliill Al gl 4y ) S5 Ja mg Jeal) (0 G DL 0

Gl s Al an 5 Y OS5 ) gl (g adlal) ol Gy 0 Al ) 0S5 Ay ) S5 s ol (g AdaY)
cat, eta,and aet, Wl lgle ) dall 23 Jadlh S ) JB Jaw Je Jitad) sl e J geasll
ALall 5 i 201 llia cadl sl 3 Jiiad) (i) e J peandl il glaal) o34 ISl L el gl (e (pud 43ld

P13.12. (o<l gl - s sl e OS5 e aayl LgS1 5 cdad &l
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The Limits of Computation Glual) 390

Alan Turing
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The Limits of Computation

Program
Instruction If tape Replace Then mowve Then go to
number symbol is with head instruction
1 o 2 right 2
1 1 1 left 4
2 o] o right 2
2 1 1 right 2
2 2 Q left 3
3 Q Q left 3
3 1 1 left 3
3 2 2 right 1
4 1 1 right 5
4 2 Q left S
Control unit
Read /write head
Tape

A Turing Machine

Big Java by Cay Horstmann
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Using Mutual Recursions Al 3 ple Sia aladduly

* Problem: To compute the value of arithmetic expressions such
as Jie dloa 3l ot dad Ol -AKEQ) o

3 + 4 * 5
(3 + 4) * 5
1 - (2 - (3 - (4 - 95)))

« Computing expression is complicated

- *and / bind more strongly than + and -

» Parentheses can be used to group subexpressions

DJSMJPM‘WJAJ\ J
st e SIS Ly 5% e
aall el e sand Leahidind (S s o
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Syntax Diagrams for Evaluating an Expression

expression term o andil o i) S
-
term factor
==
C EXPression h|
tactor
number

Figure 3 5Syntax Diagrams for Evaluating an Expression
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Using Mutual Recursions i) alxiiuRecursions

« An expression can broken down into a sequence of terms,
separated by + or -

« Each term is broken down into a sequence of factors, separated
by * or /

« Each factor is either a parenthesized expression or a number

* The syntax trees represent which operations should be carried
out first

- s+ A b cdagpall oAb ) lgassi (Say juai

[ sl * A gaie (ol sall (e Alales ) Jil sl 5o Jiad JS a2y 0
e gl Cul YL el L) g4 Jule JS o

Y5l clilee &35 0 ang A Alead) 2Ly (8l Sl o
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Syntax Tree for Two Expressions

Expression

Term
Factor Factor
Expression Expression Number
Term Term Term Term
Factor Factor Factor Factor Factor
Number Number Number Number Number
3 + 4 * 5 ( 3 + 4 ) * 5

Figure 4 Syntax Trees for Two Expressions
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Mutually Recursive Methods Jaliia (s 51 S5 (3 4b

 In a mutual recursion, a set of cooperating methods calls each
other repeatedly

« To compute the value of an expression, implement 3 methods
that call each other recursively:
e getExpressionValue

e getTermValue

* getFactorValue Okl Cadlad (e Ao gana s Alaliiall 3 sledin) & o
DSk S (el Lgiany 5oy

lany 503 Al 3ok ¥ 285 ¢ i Al Clual o
1Sk JSdy anlll

getExpressionValue -

getTermValue -

getFactorValue -
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The getExpressionvalue Method

public 1nt getExpressionValue ()

{

int value = getTermValue() ;
boolean done = false;
while (!done)
{
String next = tokenizer.peekToken();
1f ("+".equals (next) || "-".equals (next))

{

tokenizer.nextToken(); // Discard "+" or "-"

int value?2 = getTermValue() ;
1f ("+".equals(next)) value = value + valueZ;
else value = value - value?Z;

}

else done = true;

}

return value;

Big Java by Cay Horstmann
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The getTermvalue Method

e The getTermValue method calls getFactorvalue In the
same way, multiplying or dividing the factor values

Ga s okl aii SgetTermValue getFactorValue «skud) slei) e
Jalas 2 dard

Big Java by Cay Horstmann
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Sons. All rights recstgcr)\rl)é{g.
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The getFactorvValue Method

public 1nt getFactorValue ()
{
int value;
String next =
tokenpublic int getFactorValue ()

int value;
String next = tokenizer.peekToken()
1f (" (".equals(next))
{
tokenizer.nextToken(); // Discard " ("
value = getExpressionValue /() ;
tokenizer.nextToken(); // Discard ")"
}
else
value = Integer.parselnt (tokenizer.nextToken())
return value;

Big Java by Cay Horstmann
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Using Mutual Recursions Al aliuLRecursions

To see the mutual recursion clearly, trace through the expression
(3+4) *5; Dl A (e i g cpraal g IS Aalgiall 313 ele il 45 )

e getExpressionValue calls getTermvalue

« getTermValue Calls getFactorvalue
- getFactorValue consumes the ( input

e getFactorValue cCalls getExpressionvalue

- getExpressionValue returns eventually with the value of 7, having
consumed 3 + 4. This is the recursive call.

- getFactorValue consumes the )input

« getFactorValue returns 7

- getTermValue consumes the inputs = and 5 and returns 35

« getExpressionValue returns 35

Big Java by Cay Horstmann
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ch13/expr/Evaluator.java

oo Jdoy U d WDN K

/**

*/

A class that can compute the value of an arithmetic expression.

public class Evaluator

{

private ExpressionTokenizer tokenizer;

/ * %
Constructs an evaluator.
@param anExpression a string containing the expression
to be evaluated

*/

public Evaluator (String anExpression)

{

tokenizer = new ExpressionTokenizer (anExpression);

Continued
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ch13/expr/Evaluator.java (cont.)

18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

/ * %
Evaluates the expression.
@return the value of the expression.
*/
public int getExpressionValue ()
{
int value = getTermValue();
boolean done = ;
while (!done)
{
String next = tokenizer.peekToken ()
it ( .equals (next))

{

tokenizer.nextToken (); // Discard"+" or"-

int value?2 = getTermValue ()
1t ( .equals(next)) { value = wvalue + value2; }
else { value = value - valueZ?2; }
}
else
{
done = ;

}

return value;

Continued
Big Java by Cay Horstmann
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ch13/expr/Evaluator.java (cont.)

44
45
46
477
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

/ * %
Evaluates the next term found in the expression.
@return the value of the term

*/

public int getTermValue ()

{

int value = getFactorValue();
boolean done = ;
while (!done)

{
String next = tokenizer.peekToken (),
it .equals (next))
{
tokenizer.nextToken () ;
int value2 = getFactorValue();

if .equals (next)) { value = value * valueZ;

else { value = value / value2; }

}

else

{

done = ;

}

return value;

}

Continued
Big Java by Cay Horstmann
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ch13/expr/Evaluator.java (cont.)

70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90

/**

*/

Evaluates the next factor found in the expression.
@return the value of the factor

public int getFactorValue /()

{

int value;
String next = tokenizer.peekToken()
it .equals (next))
{
tokenizer.nextToken (); // Discard "("
value = getExpressionValue() ;
tokenizer.nextToken (); // Discard")'
}

else

{

value = Integer.parselnt (tokenizer.nextToken());

}

return value;

Big Java by Cay Horstmann
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ch13/expr/ExpressionTokenizer.java

1 /* *
2 This class breaks up a string describing an expression
3 into tokens: numbers, parentheses, and operators.
4 */
5 public class ExpressionTokenizer
6
7 private String input;
8 private int start; // The start of the current token
9 private int end; // The position after the end of the current token
10
11 / * %
12 Constructs a tokenizer.
13 @param anInput the string to tokenize
14 */
15 public ExpressionTokenizer (String anlInput)
16 {
17 input = anlInput;
18 start = 0U;
19 end = 0;
20 nextToken () ; // Find the first token
21 }
22 Continued
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ch13/expr/ExpressionTokenizer.java (cont.)

23 / * %

24 Peeks at the next token without consuming it.

25 @return the next token or null if there are no more tokens

26 */

27 public String peekToken ()

28 {

29 1f (start >= input.length()) { return ;)
30 else { return input.substring(start, end); }
31 }

32

Continued
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ch13/expr/ExpressionTokenizer.java (cont.)

33 / * %

34 Gets the next token and moves the tokenizer to the following token.
35 @return the next token or null if there are no more tokens

36 */

37 public String nextToken ()

38 {

39 String r = peekToken();

40 start = end;

41 1if (start >= input.length()) { return r; }

42 1if (Character.isDigit (input.charAt (start)))
43 {

44 end = start + |;

45 while (end < input.length ()

46 && Character.isDigit (input.charAt(end)))
47 {

48 end++;

49 }

50 }

51 else

52 {

53 end = start + |;

54 }

55 return r;

56 ) Big Java by Cay Horstmann
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ch13/expr/ExpressionCalculator.java

oOJdoOOrd WN KR

R R R
N ROV

13
14
15
16
17
18

import java.util.Scanner;

/**

This program calculates the value of an expression
consisting of numbers, arithmetic operators, and parentheses.

*/

public class ExpressionCalculator

{

public static void main(String[] args)

{

}

Scanner in = new Scanner (System.in);
System.out.print ( ),
String input = in.nextlLine();

Evaluator e = new Evaluator (input);

int value = e.getExpressionValue();
System.out.println (input + + value);

Program Run:

Enter an expression: 3+4*5
3+4*5=23

Big Java by Cay Horstmann
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Self Check 13.10

What is the difference between a term and a factor? Why do we
need both concepts?

Answer: Factors are combined by multiplicative operators (*
and /), terms are combined by additive operators (+, -). We

need both so that multiplication can bind more strongly than
addition.

£ e seiall S8 L zling 13l $ale 5 mllan (n LA 98 Lo o
Ji (e Ja syl gl 2 o/ 5 %) Cieliadl) Galidiall i (e Jalsall C aall 2y il sall o
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Self Check 13.12

Why does the expression parser use mutual recursion?

Answer: To handle parenthesized expressions, such as
2+ 3%* (4+5).The subexpression 4 + 5 Is handled by a

recursive call to getExpressionValue.

Gisbh e 0+ & Soall sl dallaa 2B (0 4+ £) * Y 4 Y e (Gl YL O jund ae Jaladll AAY)
getExpressionValue. ) e aallsa
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Self Check 13.11

What happens if you try to parse the illegal expression
3 + 4 * ) 57 Specifically, which method throws an exception?

Answer: The Integer.parselInt callingetFactorvalue
throws an exception when it is given the string ") .
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